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Abstract
A wheel is a graph consisting from a vertex w and a circuit C such that each vertex of C is a neighbor of w. Two nowhere-zero
group valued ﬂows on a wheel are equivalent if their values differ only on the edges of C. We introduce recursive formulas for the
numbers of classes of the same cardinality of this equivalence.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
If A is an additive Abelian group, then we say that a graph admits a nowhere-zero A-ﬂow if its edges can be oriented
and assigned nonzero elements of A so that for every vertex, the sum of the values on incoming edges equals the sum
on the outgoing ones. It is well known that a graph with a bridge (1-edge-cut) does not have a nowhere-zero A-ﬂow
for any A (see, e.g., [1]). The famous 5-ﬂow conjecture of Tutte [7] is that every bridgeless graph has a nowhere-zero
Z5-ﬂow.
It is well known that the smallest counterexample to this conjecture must be a cubic (3-regular) graph without a
3-edge-coloring (see [1,2,9]). Recently it was proved that the smallest counterexample to the 5-ﬂow conjecture can
have neither small cyclic edge-connectivity [3], nor small girth (length of the shortest circuit) [4–6]. By restricting the
length of circuits in these counterexamples, we need to understand the structure of nowhere-zero Z5-ﬂows on circuit
related networks. Here we study this problem for A-ﬂows in general.
To be more precise, we shortly describe the results of this paper as follows. Suppose that a wheel denotes a graph
consisting from a vertex w and a circuit C such that w is adjacent with all vertices of C. Assume that two nowhere-zero
A-ﬂows on a wheel are equivalent if their values differ only on the edges of C. We show that cardinalities of classes of
this equivalence can range from 1 to |A| − 2 and ﬁnd recursive formulas for numbers of the classes having the same
cardinality.
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2. Preliminaries
The graphs considered in this paper are all ﬁnite and unoriented. Multiple edges and loops are allowed. If G is a
graph, then V (G) and E(G) denote the sets of vertices and edges of G, respectively. By a multi-terminal network,
brieﬂy a network, we mean a pair (G,U) where G is a graph and U = (u1, . . . , un) is an ordered set of pairwise distinct
vertices of G. The vertices u1, . . . , un are called the outer vertices of (G,U) and the others are called the inner vertices
of (G,U).
To each edge connecting u and v (including loops) we associate two distinct (directed) arcs, one directed from u to
v, the other directed from v to u. If one of these arcs is denoted as x then the other is denoted as x−1. Let D(G) denote
the set of such arcs, so that |D(G)| = 2|E(G)|. If v ∈ V (G), then G(v) denotes the set of arcs of G directed from v
to V (G)\{v}.
If G is a graph and A is an additive Abelian group, then an A-chain in G is a mapping  : D(G) → A such that
(x−1) = −(x) for every x ∈ D(G). Furthermore, the mapping  : V (G) → A such that (v) =∑x∈G(v)(x)
(v ∈ V (G)) is called the boundary of . An A-chain  in G is called nowhere-zero if (x) = 0 for every x ∈ D(G).
If (G,U) is a network, then an A-chain  in G is called an A-ﬂow in (G,U) if (v) = 0 for every inner vertex v of
(G,U).
By a (nowhere-zero) A-ﬂow in a graph G we mean a (nowhere-zero) A-ﬂow in the network (G,∅). Our concept of
nowhere-zero ﬂows in graphs coincides with the usual deﬁnition of nowhere-zero ﬂows as presented in Jaeger [1].
A network (G,U), U = (u1, . . . , un), is called simple if the vertices u1, . . . , un have degree 1. If  is a nowhere-zero
A-ﬂow in (G,U), then denote by (U) the n-tuple ((u1), . . . , (un)). By [2, Proposition 2.2],
∑n
i=1(ui) =−∑v∈V (G)\U(v) = 0. Furthermore, (ui) = 0 because ui has degree 1 (i = 1, . . . , n). Thus (U) belongs
to the set
An = {(s1, . . . , sn); s1, . . . , sn ∈ A\{0}, s1 + · · · + sn = 0}.
Note that A1 = ∅. For every s ∈ An, denote by G,U (s) the set of nowhere-zero A-ﬂows  in (G,U) satisfying
(U) = s. Furthermore denote FG,U (s) = |G,U (s)|.
Let Cn be the circuit of order n, i.e., the graph having vertices v1, . . . , vn and edges v1v2, v2v3, . . . , vnv1. Let Hn
arise from Cn after adding new vertices u1, . . . , un and edges u1v1, . . . , unvn. Then the simple network (Hn,Un),
Un = (u1, . . . , un), is called an n-wheel. For i = 1, . . . , n, let xi denote the arc of Hn directed from ui to vi and yi
denote the arc directed from vi to vi+1 (considering the indices mod n). Deﬁne
C(A, n) = {s ∈ An;FHn,Un(s) = 0},
c(A, n) = |C(A, n)|,
Ci(A, n) = {s ∈ C(A, n);FHn,Un(s) = i}, i1,
ci(A, n) = |Ci(A, n)|, i1.
The aim of this paper is to ﬁnd recursive formulas evaluating ci(A, n) and c(A, n).
Note that the term wheel usually denotes a graph arising from Hn after identifying the vertices of Un into one vertex
(this notation was also used in the introductory section). Also nowhere-zero A-ﬂows in such graphs corresponds to
nowhere-zero A-ﬂows in networks (Hn,Un), and ci(A, n) equals the number of classes of the same cardinality of the
equivalence relation mentioned in the introduction.
We will frequently use the fact that any nowhere-zero A-ﬂow in (Hn,Un) corresponds to an assignment of the arcs
x1, y1, . . . , xn, yn by nonzero elements of A such that for any inner vertex, the sum of the values on incoming arcs
equals the sum on the outgoing ones.
3. Flows in wheels
Lemma 1. Let  and ′ be nowhere-zero A-ﬂows in (Hn,Un) such that (Un) = ′(Un). Then there exists a ∈ A
such that (yi) = ′(yi) + a for every i = 1, . . . , n.
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Proof. The fact that (Un) = ′(Un) implies (xi) = ′(xi) for i = 1, . . . , n. Thus by induction on i, (yi) =
(y1) −∑ij=2(xj ) and ′(yi) = ′(y1) −
∑i
j=2′(xj ) for i = 1, . . . , n, whence (yi) − ′(yi) = (y1) − ′(y1).
This implies the statement. 
Before formulating the main theorem we need some more notation. If  is a nowhere-zero A-ﬂow in (Hn,Un) and
(xn−1) + (xn) = 0 (resp. (xn−1) + (xn) = 0), then denote by ¯ the nowhere-zero A-ﬂow in (Hn−2, Un−2)
(resp. (Hn−1, Un−1)) such that ¯(xi) =(xi), ¯(yi) =(yi) for i = 1, . . . , n − 2 (resp. ¯(xn−1) =(xn) +(xn−1),
¯(yn−1) = (yn), and ¯(xi) = (xi), ¯(yi) = (yi) for i = 1, . . . , n − 2).
If (s1, . . . , sn) ∈ An and sn−1 + sn = 0 (resp. sn−1 + sn = 0), then denote s¯ = (s1, . . . , sn−2) ∈ An−2 (resp.
s¯ = (s1, . . . , sn−2, sn−1 + sn) ∈ An−1).
If  is a nowhere-zero A-ﬂow in (Hn−2, Un−2) and a ∈ A\{0}, then denote by [a] the A-ﬂow in (Hn,Un) such that
[a](xn−1) = −[a](xn) = a, [a](yn) = (yn−2), [a](yn−1) = (yn−2) − a, and [a](xi) = (xi), [a](yi) = (yi)
for i = 1, . . . , n − 2. Note that [a] is nowhere-zero if and only if [a](yn−1) = (yn−2) − a = 0, i.e., a = (yn−2).
Furthermore, [a] =  for any a ∈ A\{0}, a = (yn−2).
Similarly, if t = (t1, . . . , tn−2) ∈ An−2 and a ∈ A\{0}, denote by t [a] = (t1, . . . , tn−2, a,−a) ∈ An. Clearly, t [a] = t .
If a ∈ A\{0}, denote
Ya = {(a1, a2); a1 + a2 = a, a1 = 0 = a2}.
By the arithmetic in A, we have |Ya| = |A| − 2. If  is a nowhere-zero A-ﬂow in (Hn−1, Un−1) and (a1, a2) ∈ Y(xn−1),
then denote by [a1,a2] the A-ﬂow in (Hn,Un) such that [a1,a2](xn−1)= a1, [a1,a2](xn)= a2, [a1,a2](yn)=(yn−1),
[a1,a2](yn−1)=(yn−2)−a1 (=(yn−1)+a2, becausea1+a2=(xn−1)=(yn−2)−(yn−1)), and[a1,a2](xi)=(xi),
[a1,a2](yi)=(yi) for i=1, . . . , n−2. Note that[a1,a2] is nowhere-zero if and only if[a1,a2](yn−1)=(yn−2)−a1 =
0, i.e., a1 = (yn−2). Furthermore [a1,a2] =  for any (a1, a2) ∈ Y(xn−1), a1 = (yn−2).
Similarly, if t = (t1, . . . , tn−1) ∈ An−1 and (a1, a2) ∈ Ytn−1 , denote by t [a1,a2] = (t1, . . . , tn−2, a1, a2) ∈ An. Clearly,
t [a1,a2] = t .
Theorem 2. Let A be an Abelian group of order k. Then
(1) ci(A, 1) = 0 for every i1,
(2) ck−2(A, 2) = k − 1 and ci(A, 2) = 0 for every i1, i = k − 2,
(3) for every i, n3,
ci(A, n) = (k − i − 1)ci(A, n − 2) + (i + 1)ci+1(A, n − 2)
+ (k − i − 2)ci(A, n − 1) + (i + 1)ci+1(A, n − 1),
(4) ci(A, n) = 0 for every ik − 1, n1,
(5) c(A, n) =∑k−2i=1 ci(A, n) for every n1.
Proof. (1) follows from the fact that A1 = ∅.
A2 is the set of tuples (a,−a) where a ∈ A\{0}, whence |A2| = k − 1. A nowhere-zero A-chain  in (H2, U2)
belongs to H2,U2(a,−a) if and only if (x1) = a, (x2) = −a, and ((y−11 ),(y2)) ∈ Ya . Since |Ya| = k − 2, we
have FH2,U2(a,−a) = k − 2. This implies (2).
Now we prove (3). Let s = (s1, . . . , sn) ∈ C(A, n) and  ∈ Hn,Un(s). If sn + sn−1 = 0, then ¯ is a nowhere-zero
A-ﬂow in (Hn−2, Un−2), whence s¯ ∈ C(A, n−2) and s is of the form t [a] where t ∈ C(A, n−2). If sn+sn−1 = 0, then
¯ is a nowhere-zeroA-ﬂow in (Hn−1, Un−1), whence s¯ ∈ C(A, n−1) and s is of the form t [a1,a2] where t ∈ C(A, n−1).
Let t = (t1, . . . , tn−2) ∈ Ci(A, n−2) andHn−2,Un−2(t)={j ; j =1, . . . , i}. Denote Y ={j (yn−2); j =1, . . . , i}.
By Lemma 1, |Y | = i. For each a ∈ A\{0}, we have Hn,Un(t [a]) = {[a]j ; j = 1, . . . , i, a = j (yn−2)} (because [a]j
is nowhere-zero if and only if a = j (yn−2)). Hence t [a] ∈ Ci(A, n) if a ∈ A\{0}, a /∈Y , and t [a] ∈ Ci−1(A, n) if
a ∈ Y . Thus Ci(A, n) has exactly (k − i − 1)ci(A, n − 2) + (i + 1)ci+1(A, n − 2) elements (s1, . . . , sn) such that
sn + sn−1 = 0.
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Let t =(t1, . . . , tn−1) ∈ Ci(A, n−1) andHn−1,Un−1(t)={j ; j =1, . . . , i}. Denote Y ′ ={(j (yn−2),−j (yn−1));
j = 1, . . . , i}. Y ′ ⊆ Ytn−1 , because, for j = 1, . . . , i, j (yn−2) − j (yn−1) = j (xn−1) = tn−1. But |Ytn−1 | = k − 2
and, by Lemma 1, |Y ′| = i, whence |Ytn−1\Y ′| = k − i − 2. For each (a1, a2) ∈ Ytn−1 , we have Hn,Un(t [a1,a2]) =
{[a1,a2]j ; j = 1, . . . , i, a1 = j (yn−2)} (because [a1,a2]j is nowhere-zero if and only if a1 = j (yn−2)). Hence
t [a1,a2] ∈ Ci(A, n) if (a1, a2) ∈ Ytn−1\Y ′, and t [a1,a2] ∈ Ci−1(A, n) if (a1, a2) ∈ Y ′. Thus Ci(A, n) has exactly
(k − i − 2)ci(A, n − 1) + (i + 1)ci+1(A, n − 1) elements (s1, . . . , sn) such that sn + sn−1 = 0. This proves (3).
(4) is a trivial consequence of Lemma 1 and the fact that(y1) = (x1) for each nowhere-zeroA-ﬂow in (Hn,Un).
(5) follows from (4). 
Corollary 3. IfA andA′ are twoAbelian groups of the same cardinality, then ci(A, n)=ci(A′, n) and c(A, n)=c(A′, n)
for every i, n1.
Proof. The statement holds true for n=1, 2 by items (1), (2) and (5) of Theorem 2. Hence by induction on n and items
(3) and (5) of Theorem 2, the statement holds true in general. 
Note that Corollary 3 coincides with the classical result of Tutte [7,8], that the number of nowhere-zero A-ﬂows in
a graph does not depend on the structure of A, but only on the order of A.
By Corollary 3, we can use the notation c(|A|, n) and ci(|A|, n) instead of c(A, n) and ci(A, n), respectively.
The following statement is used in [5,6].
Corollary 4. c(5, 1) = c1(5, 1) = c2(5, 1) = c3(5, 1) = c1(5, 2) = c2(5, 2) = 0, c(5, 2) = c3(5, 2) = 4, and for every
n3,
c1(5, n) = 3c1(5, n − 2) + 2c2(5, n − 2) + 2c1(5, n − 1) + 2c2(5, n − 1),
c2(5, n) = 2c2(5, n − 2) + 3c3(5, n − 2) + c2(5, n − 1) + 3c3(5, n − 1),
c3(5, n) = c3(5, n − 2),
c(5, n) = c1(5, n) + c2(5, n) + c3(5, n).
Proof. Follows from Theorem 2 after setting A = Z5. 
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